For a primitive matrix A of order n + k having a primitive submatrix of order 71, we prove that the exponent of A is at most (n -1)" + 2k + 1. We characterize those matrices attaining the bound in terms of their directed graphs, and explicitly describe those graphs for the case that k < 2n. 0 Elsevier Science Inc., 1997 1.
INTRODUCTION
A square entrywise nonnegative matrix A is called primitive if A"' has all entries positive for some m > I. The smallest such m is called the exponent of A, and is denoted y(A). (W e remark that the exponent of a primitive 1 X 1 matrix is defined to be 0.) It follows that for any p 2 y(A), AP must also have all entries positive. The exponent of a primitive matrix is a much-studied quantity (see [l] for a list of results and references), and a good deal of work has been done on constructing upper bounds on the exponent. A celebrated result of Wielandt [7] states that if A is an n X n primitive matrix, (The exponent of the primitive digraph with one vertex at which there is a loop is defined to be 0.) Clearly a directed graph G is primitive if and only if it is the directed graph of some primitive matrix. We remark that a number of bounds on the exponent of a primitive matrix involve parameters of the associated directed graph, and have proofs which make use of graph theoretic arguments (see [2, 5, 6] for example).
LINEAR ALGEBRA AND ITS APPLICATIONS
Consider the following simple way to construct a directed graph G on n + k vertices: start with a primitive directed graph H on n vertices, then add in the remaining k vertices, ensuring that for each of these new vertices, there is a walk to some vertex in H, and a walk from some vertex in H. It is not difficult to see that the resulting directed graph G is primitive, and that observation leads naturally to the following question: If G is a primitive directed graph on n + k vertices which is known to have a primitive subgraph on n vertices, can we construct a reasonable upper bound on y(G) in terms of n and k? In this paper we address that question, producing just such an upper bound, and characterizing the graphs for which equality holds in the bound. One of the main ingredients in the characterization is the Wielandt graph on n vertices, which we denote by W,; it is the directed graph of the Wielandt matrix M,, and is shown in Figure 1 .
MAIN RESULTS
We note that a graph which contains a primitive subgraph is also primitive if and only if it is strongly connected.
Our first theorem gives a bound on the exponent of a primitive directed graph in terms of the exponent of a primitive subgraph. A routine check shows that shows that
(I +y+q -2(n-2))L/z>!E(n-2). ??
Next, we turn to the problem of characterizing the graphs yielding equality in Corollaries 1.1 and 1.2. The following result will be useful. 
Proof.
This follows from the fact that 1 < n -1 -a -j < n -2, and that (n -1>2 -m = n2 -2n + 1 -an -j = n(n -1 -a -j) + (j -1Xn -1).
??
Theorem 2 below gives a characterization of the graphs yielding equality in Corollary 1.1; Figure 2 gives a general picture of those graphs. In order to 
FIG. 2.
prove Theorem 2, we require the following notation. Let {il, . . . , i,,} be a set of positive integers, and let N({i,, . . . , i,}) be the set of all nonnegative integer combinations of {il, . . . , i,,J. We define N(0) to be {O}. Let S be a set of nonnegative integers, and x be a nonnegative integer. We define x+S={x+a((TES}. 
Proof.
Suppose that y(G) = ( n -1)' + 2k + 1. Then necessarily any primitive subgraph H on n vertices must have exponent (n -1)' + 1, and so the vertices of such an H can be relabelled to yield W,. Properties (i>-(iii> now follow from properties (i>-(iv) of Proposition 1.
Note that Proposition 1 also implies in particular that there can be no walk in G from n + k, + a** +k,_, + 1 to n + k, + *.* +k, having length (n -1j2 + 2k, + a** 2k,. Suppose that ki_l -t ki GZ N({n -1, n)> for some 1 < i Q m; then k,_l + ki = an +j, for some 0 Q a < n -3 and 1 <j < n -a -2. In that case, we could then construct a walk from n + k, + . k, -+ n (which has length k, + **a + k,), following it with a walk in the subgraph on vertices 1,. . , , n from vertex n to itself of length (n -lj2 -ki_l -kj (which is guaranteed by Lemma l), and following that by a walk from n to n + k 1 + *** + k, which is composed of the path from n ton + k, + a** + k,, interrupted by a single traversal of the cycle of length k,_l + ki at vertex n + k, + e-0 + ki. Thus, ki_l + kj 4 N({n -1, n)) yi e Id s a contradiction; an analogous argument on k, + 1 shows that (iv) must hold. Property (v) is similarly established.
Next, fix i, such that 1 < i, < m, and consider a walk from n + k, + *a* +k,_, + 1 to n + k, + *** + k, involving only the vertices n + k 1 + *a-+k,,_l + 1,. . . , n + k, + a** + k,. Any such walk can be decomposed as follows: a path from n + k, + a*. +k,_, + 1 to n + k, + *a* +ki,_l + 1 and a path back from n + k, + e-0 +ki,_l + 1 to n + k, + .*a +k,_, + 1 (for a total of kiO + 2ki,+l + **a +2k,_, + k, arcs>; a path from n + k, + *.. +k,_, + 1 to n + k, + 0.. +k, (for a total of k, -1 arcs); and some cycles involving vertices n + k, + *a* +k,,_l + 1, . . . . n + k, + *** + k,. Now, by Proposition 1, no such walk can be of length and on a walk from n + k, + *a* +k,_, + 1 to n + k, + *** + k, involving only the vertices n, n -t-1 ,..., n + k, + *a. +k,. Now we suppose that the directed graph G satisfies ($0); we will show that there is no walk from n + k, + *** +k,_, + 1 to n + k, + *.* +k, of length (n -1>2 + 2k, + **. +2k,, which, in conjunction with Theorem 1, will establish that -y(G) = (n -1)' + 2k + 1. As above, condition (vi) ensures that there can be no such walk involving only the vertices n + 1,. . . , n + k.
We next claim that there is no walk from n + k, + .** +k,_ 1 + 1 to n + k, + **. +k, of length (n -1)' + 2k, + +-. +2k, involving any of vertices 1, . . . , n -1. To see the claim, note that any such walk can be broken into several disjoint pieces: a path from n + k, + *.* + k,-, + 1 to n and a path from n to n + k, + ... +k,,, for a total of 2k, + *.. +2k,,, arcs; and some cycles in G, whose lengths necessarily sum to (n -1)'. If such a walk involves any of vertices I,. . . , n -1, then necessarily the walk must also include at least one n-cycle on vertices 1, . . . , n (this is because the walk must pass through vertex n in order to get from a vertex u > n to a vertex b < n). Consequently, there is at least one cycle of length n in such a walk, and since every cycle in G has length in N({n -1, n}) [this follows from (i), (iv), and (v)], we find that (n -1)' = xn + y(n -1) for some nonnegative integers x and y with x > 1. This is a contradiction. Our last result characterizes the graphs which yield equality in Corollary 1.2. Its proof is much the same as that of Theorem 2, and is omitted. Suppose that we are given a pair of integers n and k with n > 2. If k > (n -1j2, we can construct a primitive directed graph G on n + k vertices which has a primitive subgraph H on n vertices such that 
